Analysis of the settlement at five sites on San Francisco Bay Mud and two sites on Boston Blue Clay has shown that where dessicated crust has developed on the clay, spatial variations in the preconsolidation pressure are the most important cause of differential settlements. A simple probabilistic method is described that can be used to establish confidence limits for settlements at sites with a desiccated crust. Variations in preconsolidation pressure are accounted for by estimating confidence limits for a parameter termed the "radius of preconsolidation." Application of the methodology to the settlement of fills on San Francisco Bay Mud and Boston Blue Clay has shown that the method produces results in good agreement with field measurements and that it is suitable for use in practice. The method can be used for clay deposits which have a n overconsolidated layer and requires no more testing than is performed for conventional settlement analyses. However, unlike conventional settlement analyses, it provides a n estimate of the likelihood that the settlements will vary from the mean by a given amount due to spatial variations in soil properties.
INTRODUCTION
Conventional methods of estimating settlements due to consolidation of clay are deterministic. These methods, described in most soil mechanics and shallow foundation textbooLs (e.g. Leonards, 1962 ; Terzaghi and Peck 1967; Lambe and IVhitman, 1969; Sowers, 1979 ; Holtz and Kovacs, 1981 : U.S. Navy, 1987) , make use of labaratory tests to measure compressibilities and preconsolidation pressures, and elastic theory to estimate stresses due to fills and buildings. In most cases calculations are made using average values of compressibilities and preconsoliclation pressures. and best estimates of stresses. Sometimes, to estimate extreme possible settlements, upper limit values of compressibility ant1 loner limit values of preconsolidation pressures are used in the calculations.
The experience with these conventional methods has generally been good. When relatively undisturbed samples are available, the magnitudes of the settlements calculated using average soil properties are usually in reasonable agreement with observed settlements, a fact responsible for the continued use of conventional procedures in engineering practice.
Differential settlements can be easily estimated using the conventional method when they are due to (a) differences in thickness of compressible soils, or (b) differences in stresses at different locations, for example, beneath the center and the corner uf a building. Given uniform thickness and the same induced stresses, however, the conventional method predicts uniform settlement. Field observations show, however, that differential settlements cccur in clays with a desiccated crust even where there is no apparent systematic difference in clay thickness or induced stresses. Differential settlements occur due to random variations of compressibility and preconsolitiation pressure within the clay and crust.
BAY FARM ISLAND-AN EXAMPLE OF NONUNIFORM SETTLEMENTS DUE TO RANDOM VARIATIONS IN SITE CON-DITIONS
An example of the occurrence of differential settlements under conditions of similar ckiy thickness and similar induced stress is afforded by the settlements observed at Bay Farm Island on the east side of San Francisco Bay in California. As shown in Fig. 1 , Bay Farm Island is located south of the island of Alameda, and north of Oakland International Airport.
Bay Farm Island consists of two separate areas. The eastern part of the site, called the "crusted area", was drained beginning in the 1920s. The crust blanketing this part of the site developed during a period of approximately 40 years when the area was used for farming. The western part of the site was not drained prior to its development in the 1960s, and thus there was little or no dried crust on this part of the site when the area was filled.
A cross-section through the site prior to hydraulic filling is shown in Fig. 2 . The results The entire site-both the crusted and the non-crusted areas-was filled to approximately elevation 113 feet (34 m) during 1966 and 1967 with 8 ft. (2.4 m) to 20 ft. (6. 1 m) of hydraulic sand fill. This fiill was left in place approximately 12 years prior to final grading and commercial development of the area. Fortyseven settlement plates were installed to monitor the settlements due to the weight of the 511, and thirty two observation wells were used to monitor water levels. About ten years of observations provicle a very useful body of (1.3 m ) . Careful examination of the data showed that the settlements of the settlement plates in the crusted did not vary systematically with fill thickness or mud thickness. Thus, in this particular group of settlement plates, which are considered together because they all have approximately equal mud thickness and fill thickness, there is a significant amount of variation in settlement that cannot be attributed to systematic effects. The scatter appears to be due to the natural variation in the magnitude and depth of the desiccated crust.
The data shown in Fig. 4 are for seven settlement plates in the non-crusted area. As shown by the note in the figure, the mud and fill thicknesses were similar for all seven settlement plates. After one year, the measured An alternative way of viewing the data from Bay Farm Island is shown in Fig. 5 , where all settlement measurements eight years after fill placement are plotted against mud thickness. A mean line has been drawn through the points for the crusted area, in the upper part of Fig. 5 , and another through the points for the noncrusted area, in the lower part of Fig. 5 . In the crusted area, the maximum and minimum measured settlements vary i 3 5 % from the mean and in the non-crusted area the variation is significantly less, about k 1 5 % from the mean.
There appears to be no systematic correlation between settlement and mud or fill thickness for the settlements in the crusted area. For example, the "effective" fill thickness (described subsequently) ranged from 9 to 12 ft. 
thicknesses.
Conventional methods, using average values of compressibility and preconsolidation pressure, would predict the average settlement quite accurately, as will be shown in a subsequent section of this paper. However, these conventional methods provide no indication of possible variations from the mean values of settlement. As shown in Fig. 5 , the settlements at Bay Farm Island scattered as much as +35% from the average in the crusted area for the same mud and fill thicknesses. The conventional method of estimating clay settlements provides no means for estimating the likelihood that the settlement will vary from the average by a given amount due to random variations in soil properties.
The procedure described in subsquent sections of this paper was developed to predict the magnitude and likelihood of deviations from the average settlements of clay. It follows the logic of the conventional method of analysis, and uses some simple concepts of probability to arrive at an estimated range of settlements for a given probability, rather than a single mean value. Folayan (1968) and Folayan et al. (1970) applied the theory of probability to calculation of settlements on San Francisco Bay Mud for the purpose of determining the optimum thickness of fill in a development. They showed how decision theory could be used to determine the optimum thickness of fill and the reliability with which the optimum can be determined.
PREVIOUS APPLICATIONS OF PROBABIL-ITY TO CONSOLIDATION SETTLEMENTS
Diaz-Padilla and Vanmarcke (1974) approached the uncertainty in soil properties by combining the soil properties into a pseudosubgrade reaction factor and treating it as a random variable. The expected value and variance were estimated using a Taylor-series expansion about the mean values of the applied load and the subgrade reaction factor. Their analysis showed that clay settlements are very sensitive to uncertainties in preconsolidation pressure. The scatter in the settlements measured at Bay Farm Island support this conclusion. In particular, the variation in measured settlements is significantly larger in the crusted area, where the preconsolidated crust plays an important role in determining the magnitude of the settlement. Vanmarcke and Fuleihan (1975) used a Taylor-series expansion to estimate the mean and variance of levee settlements. They concluded that variability in the compression ratio was the major contributor to settlement variability for a normally consolidated clay, and that variability in applied stress did not result in significant variations in settlement. Freeze (1977) and Chang and Soong (1979) used probability density functions to model soil properties in a one-dimensional consolidation problem. Both studies concluded that spatial variations in soil properties can produce significant variations in consolidation settlements. Ang and Tang (1984) utilize a performance function to estimate the probability of excessive settlement due to primary consolidation of a clay layer. The settlement parameters are varied until the performance function yields a particular failure condition, e. g., 2.5 inches (6.4 cm). The probability of failure is then calculated using the soil parameters at the failure point. Their model assumes that all the soil variables are normally distributed and neglects the contribution of secondary compression.
These studies all show that variations in settlements on clay can occur as a result in variations in soil properties and preconsolidation pressures. The purpose of this paper is to describe a simple probability procedure for incorporating considerations of variability in analyses of clay settlements, and to illustrate its use for calculating settlements on San Francisco Bay Mud and Boston Blue Clay.
VARIABILITY OF SOIL PROPERTIES
A considerable number of test results on samples taken prior to filling were available for the soils from Bay Farm Island, and these provide a basis for determining which properties contribute most to variations in settlement from place to place. Table 1 contains a statistical summary of these measured properties. Table 1 shows the number of measurements of each property, the average value, the standard deviation of the measured values, and the coefficient of variation (standard deviation divided by the average, expressed in percent). The unit weight of the Bay Mud varies relatively little from place to place. The coefficient of variation is only 4.2 percent. Analysis of the measured values indicates that they may be approximated as normally distributed.
Thus about two-thirds of the measured values would fall within one standard deviation (t-4.2 percent) from the average, and about 95 percent of the measured values should fall within 1.96 standard deviations (t-8.4 percent) from the average. Due to the At Bay Farm Island, the water level was initially at or close to the natural ground surface and rose as the hydraulic fill was placed. Subsequently, the water table dropped at a rate slightly faster than that of the fill subsidence, although seasonal fluctuations resulted in short term variations in the pattern. As a consequence of the variations in water level, the load acting upon the mud varied somewhat. An "effective fill depth" was used in interpreting the measured settlements and in calculating settlements at various plate locations. This average fill load was determined by first averaging both fill thickness and depth to the water table for each year and then averaging these yearly values over the period of time for which readings were available. The depth of fill weighing 110 pounds per cubic foot (17.3 kN/m 3 ) which would produce the same loading was then determined, and was termed the "effective fill depth." It can be seen from Table 1 that the average effective fill depth varied little from one settlement plate location to another. The coefficient of variation for the effective fill thickness was only 3.7 percent for the crusted area, and approximately 1.0 percent for the non-crusted area.
Because the values of Bay Mud unit weight and effective fill thickness varied relatively little from place to place, these variables were considered to be constant in the settlement analysis described subsequently.
The Kolmogorov-Smirnov one-sample test was used as a means of determining if it was reasonable to assume that the compression ratio, the recompression ratio, and the coefficient of secondary compression were normally distributed. It was found in each case that normal distributions were accurate at the five percent significance level, and it was concluded that C,e, Cer, and C, could reasonably be considered to be normally distributed. These compressibility variables were treated as random variables in the analyses of settlement described subsequently.
Considerable experience in the San Francisco Bay area has shown that calculated values of settlement are in better agreement with observed rates of settlement when values of Cv are determined using Taylor's square root of time method instead of Casagrande's method. Therefore, Taylor's method was used in the settlement rate analyses described in subsequent sections. However, there was not a significant difference between these two values of C,.
The variation observed in the measured values of C, might contribute significantly to differences in the time rate of settlements from place to place. However, after analyzing a number of case histories in which the calculated and measured time rates of settlement were in good agreement, it was decided to treat Cv as a deterministic variable. It can be seen from Fig. 3 that the time rates of settlement in the crusted area are similar even though the average distance between the settlement plates is 500 ft (150m). In addition, the settlement rates in the non-crusted area (Fig.  4) are nearly identical even though the average distancce between the settlement plates is 680 ft (210 m) . Therefore, variations of Cv within each area did not affect the overall time rate of settlement. It is anticipated that Cv ranges over its full range of values within distances of one to six inches (2.5 to 15.2 cm), and thus a deposit many feet thick may be accurately characterized by an average value.
VARIABILITY OF PRECONSOLIDATION PRESSURES
Preconsolidation pressure (p,) is an extremely important factor in determining the magnitude of consolidation settlement. Since C,, (applicable below the preconsoldation pressure) is only about one-tenth as large as C6e (applicable above the preconsvl~dation pressure), changes in the value of p, have the potential to cause as much as a ten-fold increase in the magrlituJe of the consolidation settlement.
I n areas like the crusted area at Bay Farm Island, the thickness of the crust and the magnitude of the preconsoliclation pressures near the ground surface vary considerably from place to place. Measured values of p, for samples obtained from the crusted area The concept of the radius of preconsolidation is based on the following notion: if the quantity (pp-pol-pa) = (preconsolidation pressure-effective overburden pressure-aging pressure) is plotted versus depth, the variation with depth can be described by a circle. This is illustrated in Fig. 7 (b) , where the values of (pp-pot-pa) are divided by a factor termed k~ and plotted versus depth.
Once the value of kR has been determined for a particular site (the procedure is explained below) values of R can be calculated using each value of pp and the corresponding depth, 2. These values of R are calculated by repeated trials using this implicit expression :
Eq. (1) Fig. 7 (b) .
Being a single quantity, the average value of R and its standard deviation can be determined, and these values can be used conveniently to estimate practical upper and lower limits of preconsolidation pressure p, should fall within these bounds. This is illustrated in Fig. 7(c) .
The value of parameter kR for a given site is calculated by rearranging equation (1) where T is the crust thickness, and the subscript "ave" indicates average values of the particular property. The crust thickness is determined by visual inspection of the preconsolidation profile.
An example of this ~rocedure for Bay Farm Island is shown in Table 2 . In the crusted area, six samples had values of p, that significantly exceeded the aging pressure profile, and these were used in calculating the statistics shown in Table 2 . First, the value of KR was calculated using equation (2). Then, using this value of kR, values of R were calculated for each sample individually. Then 95% confidence limits for settlement were estimated using these preconsolidation pressure profiles. Allowance for the effects of variation in compressibility were also made, as explained below. The use of six data points to compute the mean and standard deviation of R is not theoretically desirable. However, the use of the radius of preconsolidation at least provides a systematic approach to quantifying the variability of p, using the limited data that is usually available.
ESTIMATING 95% CONFIDENCE LIMITS FOR SETTLEMENT
The concept discussed previously can be used to estimate 95% confidence limits for settlement. For practical purposes these provide upper and lower bounds of estimated settlement. The procedures for estimating these bounds are explained in the following paragraphs.
Effects of Prcconsolidation Pressure.
As discussed previously, preconsolidation pressure profiles can be described in terms of R. Upper and lower bound estimates of consolidation settlement are made using conventional procedures, one (AH,") using the preconsolidation pressure profile corresponding to [ R -1 . 9 6 *~(~) ] ,,) =variance of C,,, S(C,c)2 =variance of C,,, and C(C,,, C,,) =covariance of Cec and C,,.
The variances of C,, and C,, are calculated using these expressions :
where n =number of measurements of CeT and Cat, C,,i=value of C,, for test i, and C.ci=value of C,, for test i.
The covariance of CG7 and Cec is calculated using the expression : ( 7 ) With 95% confidence, the magnitude of the variation in settlement caused by variations in the average values of compressibility can be expressed as :
where S (AHc) '=variance of consolidation settlement from Eq. ( 4 ) .
Effects of Scatter in Secondaly Co?~zp?z.ssion Secondary compression settlements can be estimated using the following equation :
where AHSc=settlement due to secondary con~pression, H -=layer thickness, C, =average value of coefficient of secondary compression, t =time (must be greater than tis), and tzs =time of initiation of secondary compression.
There are considerable difference of opinion concerning the time at which secondary compression begins. For simplicity, it was assumed that secondary compression starts at a degree of consolidation of 90%. Therefore, secondary compression is added to any clay layer with a degree of consolidation greater than or equal to 90%. Javete and Duncan (1983) showed that t,, logically varies with layer thickness. On this basis they found the following values of tts for San Francisco Bay Mud : These values were used in calculating the Bay Mud settlements discussed. Practical upper and lower limits of secondary compression settlement can be calculated by considering possible variations in the average value of C,. Two calculations can be done using values of C, that are ( l . 9 6 *~ (C,)) above and below C,, where C, is the average value of C,, S (C,) is the standard deviation of C,, and S (C,) is the standard deviation of C,, given by the following expression:
Range of Settlement a t any Time. The 95% confidence limits for settlement can be calculated using the average values and deviations from the average discussed previously. The lower bound (with 95% confidence) can be estimated using the expression :
where A H t L =lower bound settlement at time t, The method of estimating a range of settlements on clay described above has been found to provide a more complete and more realistic analysis of settlements on clays. In addition, the method requires no more testing than is done for conventional settlement analyses and only slightly more computation.
APPLICATION TO BAY FARM ISLAND
The settlement Bay Farm Island provided the impetus for this study, and this site was the first to which the methods were applied. The properties summarized in Table 1 and the preconsolidation pressures shown in Fig. 6 were used to estimate 95% confidence limits for the settlements in the crusted area. It can be seen from Fig. 9 that the calculated range of settlements encloses approximately 95% of the measurements, and that the calculations provide a good approximation of the breadth in scatter actually seen in the field. Lambe (1973) three plates was differences in the compressibility of the foudation soils, but noted that this could not be proved. The authors' have found that the probability concepts and method of settlement analysis described in this paper provide a very useful approach to understanding these seemingly anomalous settlement differences that are so difficult to explain from a deterministic point of view. The methods described previously were applied to the settlement of the Northeast Test Embankment, with the results shown in Fig. 10 . The immediate settlement was estimated using the undrained shear strength values presented by Lambe (1973) and the procedure proposed Skempton and Bjerrum (1957) . The applied stress was calculated using Ranpe a f settlements calculated u s n g o 95% confidence interval on ii . .
APPLICATION TO THE MIT AND NORTHEAST TEST EMBANKMENTS

Fig. 11. Measured and calculated settlements at NE test embankment-two Dimensional drainage
Westergaard's stress distribution theory and a detailed record of the fill placement. It can be seen that the range of calculated settlements is about the same as the range of measured settlements. However, the rate of calculated settlements is slightly slower than the rate at which the settlements actually occurred. Since the measured and calculated time curves indicate a similar value of C,, and the width of the embankment (100 ft., 30.5 m) was not very great compared to the depth of the clay on which it rested, it was considered that the field rate of settlement might be faster as a result of lateral drainage. Accordingly, a second analysis was performed using values of degree of consolidation determined using the adjustment factors for twodimensional drainage suggested by Lambe et al. (1972) . The results of this second analysis are shown in Fig. 11 . It may be seen that the measured settlements all fall within the calculated range. On this basis, it appears likely that the very large variations in measured settlements at the Northeast Test Embankment were due to spatial variations in preconsolidation pressure in the desiccated crust. A similar analysis was performed for the settlements at the MIT Test Embankment, with essentially similar results.
SUMMARY AND CONCLUSIONS
The method described in this paper can be used to estimate practical upper and lower bounds for settlements on clay deposits which have a preconsolidated crust. It uses conventional settlement analysis procedures and simple probability concepts to estimate 95% confidence limits for settlements. Variations in compressibility are accounted for by the standard deviations of C., and Ctc, and variations in preconsolidation pressure are accounted for by the standard deviation of the "radius of preconsolidation, " a parameter developed to make it possible to statistically characterize variations in preconsolidation pressure in the crust zone. Analysis of the settlement at five sites on San Francisco Bay Mud and two sites on Boston Blue Clay has shown that where desiccated crust has developed on the clay, variations in preconsolidation pressure are the most important cause of differential settlements.
Comparison of calculated ranges of settlement with measured ranges of settlement at seven different sites has shown that the method is practical and effective. It requires no more testing than is done for conventional analysis of settlements on clay. Unlike conventional settlement analyses, however, it provides a means for estimating the likelihood that the settlement will vary from the mean by a given amount due to random variations in soil properties.
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